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Abstract — We first give the solution for the lo- 
cal approximation of a four parameter family of gen- 
eralized one-dimensional point interactions within the 
framework of non-relativistic model with three neigh- 
boring S functions. We also discuss the problem within 
relativistic (Dirac) framework and give the solution 
for a three parameter family. It gives a physical in- 
terpretation for so-called e potential. It will be also 
shown that the scattering properties at high energy 
substantially differ between non-relativistic and rela- 
tivistic cases. 

I. Introduction 

Since the appearance of Kronig-Penney model in solid 
state physics, the point interaction has attracted much 
attention in various fields of quantum mechanics which 
cover field theory, quantum chaos and mathemati- 
cal physics. In one dimension, the current conserva- 
tion admits the boundary condition at the interaction 
characterized by four parameters 0]. However, it is 
not straightforward to approximate generic cases ex- 
cept the well-known S potential by using short-range 
local potential model. To rectify the situation has 
been a longstanding problem in mathematical physics 
H ^ . In y, 1^ , we have introduced three neighboring 
0*8 model and settled the problem with the assump- 
tion that the system conserves time reversal symme- 
try. In this paper, we remove this assumption and 
extend the previous results to the four parameter fam- 
ily. The second purpose is to discuss the same prob- 
lem within a relativistic framework. We show that the 
Dirac equation with short-range scalar and vector po- 
tentials naturally reproduces a three parameter family 
of point interactions without introducing renormaliza- 
tion of coupling strengths, which is required in the 
non-relativistic approach. The relativistic approach 
also serves to give a unified view to S and e poten- 
tials. Here the e potential, which has been historically 
ill-called d', gives rise to the boundary condition such 
that the wave function has continuous first derivative 
on the right and left, but it has a jump proportional 
to the first derivative We also examine the scat- 
tering properties of the generalized point interactions 
both within the non-relativistic and relativistic frame- 
works. 

The paper is organized as follows. We discuss non- 
relativistic and relativistic cases in Sect. II and HI sep- 



arately. In each, the boundary condition required at 
the interaction is first clarified based on the current 
conservation. We then calculate the propagator in the 
transfer matrix formalism, based on which we deduce 
a suitable approximation of a family of point interac- 
tions by short-range local potentials. The scattering 
properties are discussed at the end of each section. We 
summarize the present work in Sect. IV. 

II. Non-Relativistic Approach 

We first derive a general boundary condition around 
the one-dimensional point interaction from the view- 
point of the current conservation. Schrodinger 
equtaion with potential S reads 
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(Ps{x) + S{x)ips{x) = Eips{x), 



where m and E are the mass and energy, respectively. 
The current can be written as js = ^5172 '4's, where 

and a2 is the second component of Pauli matrices; 
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Let's put a point interaction at the origin of x-axis. 
The current should be conserved between both sides of 
the interaction. This leads to the connection condition 
characterized by 



*5(+0) = V*s(-0), 
where V takes a form 



(1) 



V = e'^U, U 



eS'L(2,R), 61 eR. (2) 



If and only if Eq.(|^) holds, we have VV2V = (12, 
namely the current is conserved on both sides of the 
interaction. For example, the connection matrix 
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corresponds to the S potential of strength v, while its 
transpose represents the s potential of strength v. 

In order to take into account the magnetic effect, we 
calculate the propagator at the presence of a homoge- 
neous vector potential (spatial component in a rela- 
tivistic sense), which induces the time reversal sym- 
metry breaking into the system. By using standard 
minimal coupling, Schrodinger equation is written as 

- ip'l,.{x) + 2iAif's{x) + A^ipsix) = fcVs(a;), (4) 



where k is the wave number (fc = \/2mE) and the 
vector potential A is constant. In the transfer ma- 
trix formulation, Eq.(^ is rewritten by the first-order 
coupled equation 
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The solution of Eq. (||) is given by 

*s(a;) = gs{x-xo)'^s{xo) 
with the exponential function of the matrix Tisx] 
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In a particular case of ^ = 0, Eq.® is reduced to the 
free propagator 
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We can see that Q^^g^ has eigenvalues e 
associated eigenfunction 



2f sin(fca;) 
cos(fca;) 
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with the 
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Also its complex conjugate ^/^'''^ has eigenvalues e^'<-^^ 



with the associated eigenfunction 
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The eigenf unctions satisfy the bi-orthogonal relations; 



1, 
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In order to realize the connection condition ffl) in 
the small-size limit of a finite-range local potential, we 
consider three nearby 5^s located with equal distance 
a 1^, |j. They are put at a; = ±a and and their 
strengths are denoted by v± and wqj respectively. We 
also add a constant vector potential A between the two 
side (5's. The connection of between x = —a — 
and 2; = a + is given by 

*s(a + 0) = V5*s(-a-0), 



where 

Vs = V5iv+- t^)gs{a)V5ivo)gsia)Vsiv^+ i^). 

The imaginary strength of the side (5's indicates sud- 
den change of the vector potential at x = ±a. Using 
Eqs.(||) and (0), we reach 



where Us G SL{2, R) has components 



(10) 



m, sin(2fca) 
cos(2fca) H ; vq 
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2msin(2fca) 4m^sin^(fca) 
k ^ P~ 

COS^(fca) • (u+ + Vq + v^) 

— sin^ (fco) • (w+ + u_ ) 
msin(2fca) f k'^ 



k \ 2m^ 



+ vo{v+ + v^) 



S\22 



m, sin(2fca) 
cos(2fca) -I ; Wo + [wsJi2 '"+■ 



The effect of the magnetic field appears only in the 
phase factor in Eq.(|lO|). By examining the behavior 
of Us for small a, we can show |^ that the matrix V5 
converges to the general connection V, if the strengths 
of the three (5's are renormalized according to the dis- 
tance a as follows; For /3 7^ 0, 
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P 
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(11) 



u_ = — - 
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whereas for (3 — Q (including 5 potential), 
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In both cases, we vary the strength of the vector poten- 
tial as A = Eqs.(|ll|) and ( p^ ) show that except the 
S potential {a = S = I, (3 ~ 0), we need to renormalize 
the strengths of the three S's to realize the connection 
condition. Setting a = (5 = 1 in Eq. ( pi] ) , we obtain the 
e potential of strength /3, in which case the strengths 
diverge in the small a limit as in generic cases. 

In the transfer matrix formulation, the bi- 
orthogonal eigenvectors (0) and (||) serve to examine 

the scattering properties. Since e^^'^^u^^' are the so- 
lutions of the equation (H) for the free space {A = 0), 



the wave function is written as 



uV ' + Rse 



Tse 



U5 , 



{x < 0), 
{x > 0), 



(13) 



where Ts and Rs are transmission and reflection coef- 
ficients, respectively. We also assume that the incident 
wave comes from minus infinity in Eq.(p^. From the 
connection condition (fil), we olatain 



Ts4^^ = V(U5 

,(+)t.;-l 



(+) 



Rs4 ^). 



Multiplying w)7"V-^ fr om the left and using the bi- 
orthogonal relations , we can estimate the transition 
probability as 
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fc2 



.(14) 
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The refiection probability is given by \Rs\'^ 
\Ts\'^ ■ From Eq.(|l^), we can recognize in generic cases, 
iTgp — > as fc — > 0, i.e. perfect refiection in the low 
energy limit. The exception is the e potential; 7 = 



k - 



1). In this case, we have \Ts 



1 as 



0, namely perfect transmission. Eq.(14) also 
shows — > as fc — *■ +00 in generic cases, 
namely perfect reflection at high energy. The excep- 
tion is the 5 potential, /3 = 0(a = (5 = l), in which 
case we have \Ts\'^ — * 1 as fc — > +00. Thus perfect 
transmission is realized. 

III. Relativistic Approach 

We start with one-dimensional Dirac equation. In one 
dimension, Dirac equation can be written by using two 
component spinors. This reflects the fact that the spin 
degrees of freedom are redundant in one dimension. 
One possible representation of time- independent Dirac 
equation is 

- 1(72 + CT3(™ + S{x))^D = {E- Vix))^D, 

where scalar potential S and the time component of 
vector potential V are taken into account. The facts 
ci = '''i = -^2j cr20'3 + a3a2 = O2 ensure the relation 
E"^ = m?+k'^ for the free spinor (in case oiS = V = 0). 
In this representation, the current is written as jo = 

*|)(T2'J'_D. Thus, as in the non-relativistic case, the 
current conservation requires the boundary condition 
at the interaction such that 



(15) 



with V in Eq.(E 

To derive the relativistic propagator in homoge- 
neous potentials, we assume S and V as everywhere 
constant. As in the non-relativistic case, we also in- 
troduce the spatial component of vector potential with 
constant strength A, which breaks the time reversal 
symmetry of the system. The Dirac equation with the 
three constant potentials reads 

a2{-i^ - -f (73(m + S)<fD = {E- V)^d- (16) 

ax 



By multiplying 102 from the left, Eq.(|l6|) is rewritten 
as 

^'j,{x) = TiD^Dix), Hd =( J+ ) , (17) 



where fc- 
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E + S-V Siudk^ ^ E 



s-v. 



In the free space {S ^ V ^ A ^ 0), we have 



— 





-fc_ 



where fc. 
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E. fc_ 
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notice is that at low energy E 



(18) 

A Remarkable 
since fc+ ~ 2m 



and fc_ 



we realize ~ Hs in Eq.(^ (with 
A = 0); The relativistic problem (M) is formally equiv- 
alent to the non-relativistic one (m at low energy in 
the free space. This indicates that the lower compo- 
nent of the low-energy free Dirac spinor is just given 
by the derivative of the upper component (within some 
factor), although the lower component is a dynamical 
variable in Dirac approach. This admits us to identify 
a point interaction in Dirac formalism with the corre- 
sponding non-relativistic one which satisfies the same 
boundary condition, at least at low energy. 
The solution of Eq. ( [l7| ) is written as 

*D(a;) ^Goix- xo)*D(a;o), 

where the propagator t/u is defined by the exponential 
function oiHox and the result is given by 
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for fcj_fc_ > and 



cos(fca;) -±sin(fca:) \ ^^^^ 
sin(fca;) cos(fca;) j 
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cosh(fca;) ^ sinh(fca;) 
-^sinh(fca::) cosh(fcx) 



(20) 



for fc+fc_ < with fc = y |fc+fc,_|. Setting S = V = 
j4 = in Eq.dlS), we obtain the free propagator 



ni^)(^\-l cos{kx) ^sinikx) 
— sin(fca;) cos(fca;) 



Cjj^'' has eigenvalues e^'*^^ with the associated eigen- 



where fc = y^k^k^ = \/ E'^ — mn?. The propagator 

' ( ' 



function 



,(±) 



V2 V ±* 



and G]j has eigenvalues e^^^^ with the associated 
eigenfunction 



V2 V 



These eigenfunctions satisfy the bi-orthogonal rela- 
tions as in the non-relativistic case. Note that 
g±ifcx^(±) corresponds to the free spinor by construc- 
tion. 

To reahze a family of generalized point interactions, 
we consider Dirac equation with a single step-like bar- 
rier potential. We assume that potential strengths 
take constants 5, V and A in the interval —a < x < a 
and otherwise zero. The connection condition is given 

by 



^oia + O) = Vd^i 



0), VD=gD{2a). 



We set p± = ±s — w in the following. In the small-size 
limit with keeping s = 2aS, v = 2aV and 9 = 2aA 
constant, we obtain for p+p- > (s^ < w^). 



Hm Vd = e" 



cosp ^smp 
-^sinp cosp 



(21) 



and for p+p- < {s^ > v^), 



hm Vd = e" 



coshp 
sinhp 



^ sinh jj 
coshp 



(22) 



with p = -^/Ip+p- |. The present model obviously sim- 
ulates a relativistic S potential characterized by three 
strengths s, v and 6, which is sufficient to realize a 
three-parameter family of the generalized point inter- 
actions in Eqs.(^) and (p2|). This makes a clear con- 
tract to the non-relativistic case, where three d's to- 
gether with renormalization of the strengths are nec- 
essary to produce generic point interactions except 5. 

In the absence of the spatial component of vector po- 
tential {9 — 0), we obtain 6 connection with strength 
—p- = 2s for p+ = (s = w), while e connection 
with strength — 2s for p_ — {s ^ — w). Keep- 
ing in mind the notice mentioned below Eq.(jl^), we 
realize d and e potentials from a unified viewpoint 
within Dirac model with scalar and vector potentials; 
Non-relativistic S (resp. s) potential is nothing but 
sum (resp. subtraction) of zero-range scalar and vec- 
tor potentials with common strength. It clarifies a 
relativistic origin of the e potential, which requires 
a complicated procedure for construction within the 
non-relativistic framework. Once establishing the S 
and e potentials, one can realize the general bound- 
ary condition (Hq) by using matrix decomposition of 
connection matrix |j. 

In a similar manner as in Eq.(^), we obtain the 
transition probability for Dirac cases; 



\Td\' 



+ 5^ + 2 + (3- 



E 



E^ 



IV. Conclusion 

We have discussed the quantum-mechanical general- 
ized one-dimensional point interactions both in the 
non-relativistic and relativistic (Dirac) frameworks. In 
the non-relativistic approach, three nearby (S's make 
it possible to construct the short-range local approx- 
imation for a four parameter family which exhausts 
all possible current-conserved point interactions. In 
Dirac approach, a single short-range step-like barrier 
successfully describes a three parameter family includ- 
ing 5 and e potentials. The model gives a simple inter- 
pretation of e in terms of the strengths of scalar and 
vector potentials. The scattering properties substan- 
tially differ at high energy between non-relativistic and 
relativistic cases; In non-relativistic approach, generic 
cases lead to perfect reflection in the high energy limit 
except the 5 potential, in which case perfect transmis- 
sion is realized. In Dirac approach, the transmission 
remains at high energy in generic cases except pure 
vector potential, which induces perfect transmission. 
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At low energy, iTop ~ l^sp, as expected. However, 
|TdP substantially differs from \Ts\'^ in the high en- 
ergy limit; Generic cases including S and s connec- 
tions give rise to the non-zero transmission probabil- 
ity. In particular, the perfect transmission is attained 
by pure vector potential s = {a = 6 = cosv and 
7 = — = sinw). 



